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1. Introduction

It is known that at low energy the world volume modes of N M2-branes decouple from the
eleven-dimensional gravity in the bulk leading to an N' = 8 superconformal field theory
in three dimensions. This superconformal theory has an SO(8) R-symmetry which can
be identified with the geometric SO(8) symmetry acting on the eight transverse directions
of the M2-branes. Although we have understood this theory through its symmetries, it
was not clear for over a decade how to write a model describing three dimensional N' = 8
superconformal field theory.

In a series of paper Bagger and Lambert [I] -] and also Gustavsson [[f] have constructed
an action which is consistent with all the symmetries of a 3D N = 8 superconformal
field theory; namely it is conformal invariant with 16 supercharges and has an SO(8) R-
symmetry acting on eight scalar fields. Therefore this model has the potential to describe
the world-volume theory of multiple M2-branes.

This construction relies on the introduction of an algebraic structure called a “Lie 3-
algebra” characterized by 4-index structure constants, fA5¢ p and a bi-linear metric hAB .
The structure constants satisfy a fundamental identity which is essentially a generalization
of the Jacobi identity of the Lie 2-algebra. Depending on whether the metric is positive def-
inite or indefinite we distinguish two cases: Euclidean and Lorentzian theories.! Although
the Euclidean theory, originally proposed by Bagger and Lambert, can only describe a

fABCD

theory with SO(4) gauge symmetry where = ¢4BCD | the Lorentzian theory may

be written for any classical Lie algebra [—J].

1See [E] for an alternative treatment.



Even though in the original Lorentzian theories there were potential ghost-like degrees
of freedom, a variant has been proposed that has been argued to be unitary and describe
multiple M2-branes [f], [[J]. The argument is as follows. One modifies the theory by gauging
a shift symmetry for one of the “null” coordinates X 4[_ by introducing a gauge field. The
other null coordinate X’ is frozen as a result of the equation of motion of the gauge field.
Therefore the resultant theory is manifestly ghost-free. Indeed, using the Higgs mechanism
of ref. [[[7]] it was shown [§, [ that the theory reduces to maximally supersymmetric Yang-
Mills in three dimensions whose gauge coupling is the vev of the scalar field. This result
indicates that the ghost free Lorentzian theory is closely related to SYM theory. However
in [J] it was shown that starting from maximally supersymmetric 3D Yang-Mills theory
and using a duality transformation due to de Wit, Nicolai and Samtleben [[[(5—[[7, one
can directly obtain the ghost-free Lorentzian 3-algebra theory.? Since it can be derived
from SYM, the final theory is manifestly equivalent to it on-shell. Though it does have
enhanced R-symmetry as well as superconformal symmetry off-shell, it is the D2-brane
theory on-shell for any finite vev of the gauge-singlet scalar field.

On the other hand at higher orders in o’ the world-volume theory of multiple D2-
branes is believed to be described by some non-Abelian generalization of the DBI action.
Therefore, one would expect that the 3-algebra theories just represent the lowest order of
the full effective action describing the world-volume of multiple M2-branes. Therefore it
should be interesting to study non-linear corrections to 3-algebra theories. One straight-
forward approach is to consider these corrections in the context of Lorentzian 3-algebras,
where as indicated above they should be derivable from the SYM theory.

Accordingly, in this article we extend the considerations of [[L3] when higher-derivative
corrections are taken into account. More precisely starting with the ' = 8 supersymmetric
Yang-Mills theory on D2-branes and incorporating higher-derivative corrections to lowest
nontrivial order, we perform a duality to derive the Lorentzian 3-algebra theory along with
a set of derivative corrections given by non-Abelian F* terms [[§]. We will show that these
corrections assemble themselves neatly into the basic objects of a 3-algebra, namely the
3-bracket and covariant derivatives. This holds for both bosonic and fermionic terms and
we provide explicit forms for the leading correction in both cases.

Finally we conjecture that the derivative corrections we have obtained here, being inde-
pendent of the details of the 3-algebra, should be relevant for Euclidean 3-algebra theories
as well. This conjecture in principle enlarges the potential applicability of the results in
this paper to a wider class of 3-algebras beyond the Lorentzian-signature ones. However,
because the 3-bracket for us is totally antisymmetric, our results can be immediately gen-
eralized at this stage only to maximally supersymmetric (A = 8) Euclidean 3-algebras, of
which the sole example is the Bagger-Lambert A4 theory [f]. It may be possible in the
future to extend these considerations to 3-algebra theories with lower supersymmetry such
as those discussed in refs. [[19, Bq] (see also [R1]).

The rest of the paper is organized as follows. In section two we will set our notation

2The same mechanism was subsequently used to derive globally N = 8 supersymmetric actions from
supergravity [E]



by reviewing the construction of ref. [[3. In section three we will extend the results to
incorporate bosonic non-Abelian F4 terms and the corresponding scalar terms. In section
four we discuss some general features of these higher order corrections. In section five we
obtain the SO(8) covariant fermionic terms to the same order in o/. Finally we present a
conjecture and our conclusions.

2. Review

We would like to consider the maximally supersymmetric interacting super Yang-Mills
Lagrangian in 2+1 dimensions based on an arbitrary Lie algebra G whose bosonic action
in leading order is given by:

1 T A
L=Tr <—TFWF‘“’ — D, X'D'X' — W—M[XZ,XJ][XJ,XZD : (2.1)
162y, 2 4

Here A, is a gauge connection on G. The field strength and the covariant derivatives are
defined as:

Fu = 0,A, —0,A, — (A, A and D, =0, —[A,-]. (2.2)

The X's are seven matrix valued scalar fields transforming as vectors under the SO(7)
R-symmetry group.

In [[3] it was shown that this Lagrangian can be brought to the form of the Lorentzian
Bagger-Lambert or 3-algebra field theory proposed in [J—f], or more precisely to the
“gauged” version of the above theory described in [[, [[0]. Here we first review the re-
sults of [[I3.

We proceed by introducing two new fields B,, and ¢ that are adjoints of G. In terms
of these new fields the dNS duality transformation [[§-[7] is the replacement:

1 1 1

Tr(——5—F"F, | — Tr( e B, F\ — = (Dud — gymBu)* ) - (2.3)
4991 2 2

We see that in addition to the gauge symmetry G, the new action has a noncompact Abelian

gauge symmetry that we can call G, which has the same dimension as the original gauge

group G. This symmetry consists of the transformations:

5¢ =gymM , 6B, =D,M (2.4)

where M (x) is an arbitrary matrix, valued in the adjoint of G. Clearly B,, is the gauge
field for the shift symmetries G. Note that both in eq. () and eq. (B-4), the covariant
derivative D), is the one defined in eq. (2.9).

If one chooses the gauge D*B,, = 0 to fix the shift symmetry, the degree of freedom of
the original Yang-Mills gauge field A, can be considered to reside in the scalar ¢. In this
sense one can think of ¢ as morally the dual of the original A, [[5-[7]. Alternatively we
can choose the gauge ¢ = 0, in which case the same degree of freedom resides in B,,. The
equivalence of the r.h.s. to the Lh.s. of eq. (R.3) can be conveniently seen by going to the



latter gauge. Once ¢ = 0 then B, is just an auxiliary field and one can integrate it out to
find the usual YM kinetic term for F),,.

We can now proceed to study the dNS-duality transformed of the bosonic sector of
N = 8 Yang-Mills theory. Its Lagrangian is:

1 1 1 . .
L =Tr <§€“VABuFVA -3 (Dpd — gymBL)? — §DHXZD“XZ
(2.5)

2 . . . .
- B, [, X))

The gauge-invariant kinetic terms for the eight scalar fields have a potential SO(8)
invariance, which can be exhibited as follows. First rename ¢(x) — X8(z). Then the
scalar kinetic terms become —%ﬁMX Iprx! , Where:

D, X'=D,X"=9,X" —[A,, X", i=1,2,...,7
D, X® = D, X% — gymB, = 9, X% — [A,,, X®] — gymB, - (2.6)

Defining the constant 8-vector:
G =00,...,0,gym), I=12,...,8, (2.7)
the covariant derivatives can together be written:
D, X' =D,Xx" - ¢,\B, . (2.8)

One can now uniquely write the SYM action in a form that is SO(8)-invariant under
transformations that rotate both the fields X’ and the coupling-constant vector g{,M:

1 1. .
c :Tr<—e’“”\BuF,,,\ — -D, X Drx!
2 . ) (2.9)
— 55 (X7, XN+ g X X+ g lXT X))

The final step is to replace g{,M by a scalar field Xf_ that is constrained to be a
constant.® This proceeds as described in [[[J] and we will describe it again in the following
section where we address higher-derivative terms. The fermionic contributions also must
be added, and these too will be described in what follows.

3. F* terms

The aim of this section is to redo the procedure of the previous section for subleading terms
of the three dimensional theory. The subleading terms consist of F* with four derivative
interactions of the scalar fields. To find the explicit terms we note that the leading order

3Flux quantization in the original theory implies the matrix-valued scalars have a periodicity X! ~
XTI+ Xil[. We thank Juan Maldacena for emphasizing this to us.



terms in the action can be found from reduction of the ten dimensional pure gauge Yang-
Mills theory. Therefore to get the higher derivative terms for the three dimensional theory
we will start from ten dimensional F* terms given by [[§*

1 1 1
L09 = ZTr| Py Frs FMPFNS 4 2 Py FNR Fpg M — 2 Fayn MY Frs P19

1
- gFMNFRSFMNFRS ;

(3.1)

where M, N,R,S = 0,---,9. The aim is now to reduce this action to three dimensions.
To do that we decompose the indices to u,v, p,oc =0,1,2 and ¢, 4, k,l = 1,--- ,7. Then the
Yang-Mills plus F* terms lead to the following Lagrangian:

6
LW=r1® 4+ 1 L, (3.2)
i=1
where
1
L® = T F, FH (3:3)
YM
LW — 1 pp o, L vp on_ L v po 1 s
V= g | FuEor FYE g E B B F = 1B P By Y7 — 2 Fyo o PP F
1 . . . . . .
LY = T [FW DFX' FP D, X' + F,, D,X' F* D"X' — 2F,, F? D*X' D, X’
. . . 1
~2F,, F* D, X' D'X' = Fuy F" D?X' D X' — 5 Fyy DpX; Fu D,,XZ}
1 1 ur Y ig i 1 i Ry yij
—15 | g P X7 XY 4 S Fy XU F X (3-4)
LY = 5 (D“X’ DYXIF,, + D'X’ F,, D"X' + F,, D'X’ DVXJ) X (3.5)
Lty = 5 [DHX’ D, X’ D"X' D*X’ 4+ D, X' D, X’ D*X’ D" X’ (3.6)
+D,X' D, X' D"X? D*X? — D, X" D*X" D, X’ D" X’
1 . . . .
—5DuX' D, X7 DFX D”X]]
2
LY = —934 [X’” D,X" XY DFX' + XY D, X* X** D*X/ (3.7)

—2x% xk p,xJ prxt - oxk X% p, X7 DrX

~X% X p, X" prxk — Lxii D, X% x D“Xk]
2

4
LW _ 9yMm Xinleikal_'_lXinijleli_ lXininlekl _ lXinkinijl (3.8)
6 12 2 4 8 '

4We are using units in which o/ = %



Following the previous section the aim is to rewrite the above Lagrangian in terms
of the new fields, BM,X8 such that the obtained Lagrangian will be manifestly SO(8)
invariant. It is useful to proceed in two steps. First we simply rewrite the Lagrangian in
terms of the Poincare dual field strength defined by:

Fl, =~ (3.9)

DO | =

Note that in our conventions (with a (— + +) metric), the inverse transformation is F),, =
—€un A. Later we will replace ' by an independent field B,, that will be subjected to
constraints via the equations of motion, leading back to the original action.

Replacing F},,, in terms of F, . everywhere in the preceding Lagrangian, we end up with:

ALY AR J QN (3.10)

1 ~ - 1 o 1~ ~ ~ =
Tr[%FuFu+l274<FMFMFVFV+§ MF,/FMFV>

Iym

+ (2#*@ D'X' D, X'~ 2F'F, D, X' D"X" + 2FFF” D, X' D, X"

1262
+FH DVX' F, D, X' — F' D"X' F, D,X' + F* D, X" F¥ D,,Xi>
U=, = wii wii . 1= i i
g | Fu XY XY+ DR XY E, XY
1 - . ) . . . . .
+ 5 oy (F” DX DYX7 + DVX? FP DFX' + DFX' DV X7 F”) X“]

Here we have written only the terms involving F, as the remaining ones Lf‘), Lé4), Lgl) are

obviously unaffected by our substitution.

Let us now perform a dNS duality, as in the previous section, but in the presence of
the above higher-derivative corrections. Introducing again an independent 1-form (matrix-
valued) field B,,, it is easy to see that the above action can be replaced with one where F
appears only in the Chern-Simons interaction F B

_ 2
JACEY AR A QN A A 1 [FHB“ - BMp, pr
9y 1
+% <BHB“B,,B” - §BHB,,B“B”> (3.11)
+gf—2M <2B“B,, D'X'D,X"—2B"B,, D,X" D"X"'+2B*B" D, X" D, X"
+B* D'X' B, D,X' - B* D'X' B, D,X" + B" D, X" B" D,,X’>
+—T2M <B” By, XV XY+ 5B" XV B, X”>

2
+9YTME,W (BP DFX' DVXJ 4+ DYXJ B? D*X' + D*X' DV X7 B”) X”}



To show that this substitution is correct, simply integrate out the field B order by order
(truncating at quartic order, since that is all the input we had to start with) using its
equation of motion. It is easy to check that this brings the above Lagrangian to the form:

L® 1 + LV + LYy + o(F°). (3.12)

We now use this form, depending on the new field B, to rewrite the Lagrangian in an
SO(8) invariant way. For this, introduce the field X® and replace B,,, everywhere it occurs,
by —QYLM(DALX 8 — gymBy). There is now a shift symmetry as in eq. (-4) using which one
can set X® = 0 and we get back to the above action. The utility of this transformation
will be that in more general gauges, X® can carry the dynamical degree of freedom.

As explained in egs. (2.6), (2.7), (B.g), it is useful to write the coupling constant
formally as an 8-vector, since this allows us to express all the covariant derivatives in a
unified manner as lA)uX I'T =1,2,---,8. Then under the above replacement, eq. (B.10)

becomes:®

1 1. ge
Tr [?WPB“FW - §DHX8D“X8

1/ 4 « « A « « « «
+35 (DMXSD“XSDVXE‘D”XS + DMXSDVXSD“XSD”XE‘)

1
2
1 A . . N . N . N N .
+133 <2D”X8 D, X®D'X' D, X" - 2D"X® D,X® D, X' D" X"
+2D"X® D¥X® D, X" D, X'+ D"X® D"X' D, X% D, X"

~D'X® D"X' D, X® D, X"+ D'X® D, X' D" X*® f),,X’> (3.13)

2
+5 (D“XS D, X% XY X 4 %D“XS X% D,x* Xij>

+9Y6M6W <DPX8 DFX' DVX7 + DVXT DPX® DFX' 4+ DFX? DV X D”X8> X”]

It is now straightforward, though a little messy, to see that the leading order terms
given in equation (R-) plus 320 | Tr L§4) can be written in the SO(8) invariant terms as
follows:

1 1. -
Tr [ieﬂ”f’Bqup —~ §DMXI Drx! (3.14)
+13 <DMXI D,x’ p'x' DX’ + D, X' D,x” D*Xx7 D" X!
+D,x' D, x! b*x’ p*x’ — D, x' D*x! D, X7 D" X’

1 . « A A
—§DMXI D, X7 DrX! D”XJ>

5Using integration by parts and cyclicity of the trace one can show that the F“DMX8 term vanishes.



_’_%<%XLKJ DMXK XL[J _D'LLXI—F%XLIJ ﬁ;,LXK XLIK D/JXJ

_XLKJ XLIK ﬁuXJ ﬁMXI_XLKI XLJK -DMXJ .DMXI

_%XLIJ XLIJ DHXK DuXK_éXLIJ DHXK XLIJ f)uXK>

1 2 2 14
—EEPMVDPXI DrX7 Dr X xTTE V(X)]

where
XIJK = g{(M[XJ7XK] + gL\]’M[XK7XI] +g{’<M[XI’XJ] (315)

Here V(X)) is the potential:

V(X) — iXIJKXIJK + 1 XNIJXNKLXMIKXMJL (316)
12 9x12
+%XNIJXMJKXNKLXMLI _ iXNIJXNIJXMKLXMKL
_%XNIJXMKLXNIJXMKL]

Once we have SO(8) covariance, we are free to replace the fixed vector of coupling
constants g{(M by any arbitrary vector with the same modulus. The last step is to replace

these constants by a set of scalar fields X JIF and introduce another scalar X! as well as a
gauge field C*! with the kinetic term:

(crl —orxhyorx!t (3.17)

As explained in refs. [I{, [[J], this has the effect of constraining the vector X JIF to be an
arbitrary constant which we can then identify with 93](1\/1-

Thus the final form of our derivative-corrected action is as in eqs. (B.14) and (B.14),
with the covariant derivatives replaced by:

D, Xx'=9, A, X" - B, XL (3.18)
and the commutator terms eq. (B.13) replaced by the Lorentzian 3-algebra triple product:
X = X ix7 x5+ X xR X + X B x! x7) (3.19)

This must be supplemented, of course, with fermionic terms as well as gauge-fixing terms
for the various local symmetries. We will discuss the fermions in detail in a subsequent
section.

To summarize, in this section we have used dNS duality to re-write the three dimen-
sional N/ = 8 supersymmetric Yang-Mills theory, including the first nontrivial derivative
corrections, in a form which is manifestly SO(8) invariant. We now turn to a discussion of
the generality of this result.



4. Generality of the result and higher order terms

Encouraged by what we have found, we would like in this section to ask how general the
result is. Is it true that to any order, the derivative correction computed for N' =8 SYM in
3d can be re-expressed in SO(8) invariant form? Specifically we wish to understand whether
achieving SO(8) invariance depends on the specific combination of F'* terms appearing in
eq. (B1]). If this is not the case, in other words if enhanced SO(8) is generically present
for any higher order F™ terms that one can think of writing down in 10d, then it would
not be such a miracle. But in fact, as we will see below, SO(8) enhancement does not hold
for generic higher-order corrections. The specific combination occurring in eq. (B-1]), which
arises from string theory, is essential for the result that we found in order F*, and a similar
situation is expected to hold in higher orders.

Instead of considering the most general case, we will find it illuminating to start with
a simplified approach. Consider an Abelian SYM theory in 10d. Let us now postulate a
generic quartic correction to the 10d Lagrangian, namely:

L) =\ FapFABFopFOP 4+ 6 FHFRFGFY, (4.1)

where we have put arbitrary coefficients in front of the two possible quartic terms. (In this
section we set gyn = 1 for notational simplicity.) After reducing to 3d, the field strength
terms can be dualized to 1-forms as before (using Fj, = %EW,\F ¥A) and we find:

LY o = (41 + 2)g) B, FFE, FY (4.2)

gauge

Note that two different tensor structures in 10d have reduced to the same one in 3d. This
is because of the duality between 1-forms and 2-forms in 3d. On the other hand, the terms
involving 0X are found to be:

LYY = — (8A\1 +4)0) 9, X 0M X F, F” +4)9 8, X0, X' FFF"
+ 4\ 9, XM X0, X7 0" X7 + 2X9 0, X 0, X O* X7 0" XU (4.3)

where as usual the indices 4,7 = 1,2,--- , 7. For the Abelian case egs. ([.2), ([.3)) make up
the whole reduced action to this order, since commutator terms are absent.

Now let us ask if the above expression has SO(8) invariance after performing dNS
duality. To quartic order this duality merely replaces FM everywhere in the quartic terms
by B, (as we will see, this is not the the case from order 6 onwards). After that, we replace
B, by -0, X 8. The result for the quartic action Lz(’jl) = Lgé)uge + Lg?( is:

L) = (401 +2)0) 9, X50M X309, X50" X® — (8A1 +4Xp) 8, X 9" X9, X50" X
+4X2 0, X 0, X 0" X309 X® + 4\ 0, X 0" X9, X7 0" XI
+2X2 0, X0, X 0" X1 9" X7 (4.4)

Now it is easy to see that the above action is equal to the SO(8) invariant combination:

A 0, X o X109, X709V X7 + 2000, X0, X 0" X7 0" X/ (4.5)



where I,J =1,2,---,8, but only if the following constraint is satisfied:
Ao = —4)\ (4.6)

Without this constraint, Lz(’jl) cannot be recast in SO(8) invariant form.

In light of this simple computation, we may go back to the previous section and see
if that computation, specialized to the Abelian case, satisfies our constraint above. Once
we treat all F’s as commuting, we find that the four coefficients in eq. (B.1]) collapse to
two independent coefficients corresponding to A1 = —% and Ao = %. Therefore the above
constraint is satisfied. This explains why we found SO(8) invariance in the previous section
and makes it clear that this was crucially dependent on using the corrections that arise in
string theory (which evidently “knows” about this constraint) and would not have worked
for generic correction terms.

In fact, for the Abelian case it is an old result 23, R3] that SO(8) invariance can be
obtained for the full DBI action by performing a duality. We summarize that argument
here after translating it into our conventions for ease of comparison, and presenting in
the more “modern” dNS form which admits a non-Abelian generalization. Start with the

(24 1)d DBI action:
1
L= —\/— det <gwj + —F;w> (4.7)
gYM

This action is equivalent to the following action involving a new independent field B,:

1
L = S BuFyy )~ det(gu + g3 BuBy) (4.8)

To prove equivalence, simply integrate out B, from the latter action and recover the former
action.
Now noting that in static gauge, g, = nu + E?MXi(‘)VXi, and making the replacement:

1 - 1
B,———D,X%*=—-—(9,X° — B,X?%) (4.9)
gyM gyM
we find that the action eq. ([.§) turns into:
L=_lanp \/ d D,X'D,x"
= 56 WFux — )/ —det(nu + D, v X 1) (4.10)

Hence SO(8) invariance is achieved. It is easily seen that this subsumes the special (quartic,
Abelian) case that we discussed at the beginning of this section.

The considerations in this section support our conjecture that the entire non-Abelian
D2-brane action can be recast in SO(8) invariant form, and constitute an important (though
long-known) consistency check on it, since if it works for the non-Abelian case then it must
necessarily work for the Abelian reduction. But to prove the (non-Abelian) conjecture in
general is more difficult, essentially because the full non-Abelian D-brane action is not yet
known. Having treated the bosonic terms to lowest nontrivial order in o/, we next turn to
treatment of the fermionic terms.

— 10 —



5. Fermionic terms

The fermionic terms of the action can also be obtained from 10 dimensional supersymmetric
gauge theory reduced to three dimensions. To do this we first need the supersymmetrized
DBI action at o/ level. Then we may reduce the fermionic terms to three dimension in
the same way as we have done for the bosonic part in a previous section. The aim would
be to rewrite the resulting fermionic terms in SO(8) invariant form.

Let us start with the Abelian case, which has essentially been treated in the older
literature. We will provide a re-derivation which stresses more explicitly the promotion to
SO(8) invariance. This will be a guide in studying the non-Abelian case. Start with the
following DBI Lagrangian in 10 dimensions [R4]:

L= —\/— det(nMN + Fyn — 25\PM8N)\ + XPPé)M)\ S\PpaNj\) (5.1)

)2 52

Upon dimensional reduction to 3 dimensions, this reduces to:

_<_

which can be rewritten as:

=

Nuw 4 Fuy — 20,0, A + ATPO,A AT, 0, \ + ATFO A9, N —0, X!
&,Xi — QS\FZ'@V)\ Tij

- [ — det (mw + 0, X0, X" — 20, X' N[O\ + A" O, MO\ + F,,,
1

—9AL,0,\ + ATP9,\ Ar,,aVA)} ©(5.3)

This can now be re-expressed as:

—\/ —det (G + Dy XD, X + F) (5.4)

where:

Guu = nuu - 25\F(M8V))\ + XPPOM)\ S\Ppa,/)\
f,uu = F/J,l/ - 2/_\F[u81/]/\ — 28[MXZS\F28V]/\
D, X" = 9, X" — A\T'9,\ (5.5)

Now following the result in ref. [24], the above action is dual to:

1 v 1 8 ~ 3 Ir 1
§€u p<Bu N QY—MauX )pr - \/_ det(Gpy + D X' Dy X1) (5.6)

where
D, X% =08,X® — gymB, (5.7)

and ﬁMXi = DMXZ'7 i=1,---,7 which was defined above.
This expression does not look SO(8) invariant, both for the Chern-Simons term and
the covariant derivative, but we can argue that in fact both these are SO(8) invariant. First

— 11 -



consider the covariant derivatives. For the gyn B, term we proceed as was explained for
the bosonic case. However, the fermionic term which appears in D, X ¢ is absent in D, X 8.
This seems to pose a problem for SO(8) invariance. In fact, the quantity:

I, = X}, — AT" 0, (5.8)

is a supercovariant quantity which occurs in many formulae. So the question is to under-
stand why
8 _ 8 Y18
I, = 0, X°® = A0, A (5.9)

does not appear. This would be required to form the SO(8) vector Hﬁ

As explained in ref. ], because we are in static gauge both with respect to coordinate
transformations and supersymmetries, the fermion A is really a 16-component fermion
descending from the 32-component fermion # in the covariant D-brane formalism. Starting
with the original fermionic variable 6 we define:

=T, Gy= (1T (5.10)

(what we call I'® is referred to as I''! in ref. [P§]). Then static gauge is chosen by putting
f> = 0, and rename 0, as A\. Hence:
T8\ =\ (5.11)

It follows that: .
ATBIN = A9\ = EQL(XA) (5.12)

(using the identity Ax = YA for Majorana-Weyl spinors in 10d). Therefore:
1 -
11, = 9, <X8 — §(A>\)> (5.13)

and the second term can be removed by a shift of X8 This explains why the covariant
derivatives are in fact SO(8) covariant.

For the Chern-Simons term something similar happens. The extra term compared to
the bosonic case is proportional to:

79, X (AL, 0\ + 9, X A9, ) (5.14)

Consider the first term in the above expression. To make it covariant we would like to
write it as:

P9, X8 AT, 0\ = P9, X3 AT, T80, — P9, X AT, T79,\ (5.15)

where the first step is an identity (because '\ = )\) and in the second step we have added
a piece:
P9, X" AL, "0, A (5.16)
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As we now show, this extra piece is equal to zero, which justifies adding it to make the
above term SO(8) covariant. We have:

PO, X AT, T 'O, = %ewauxi AMD,I —T'T,)0,\
1 v, ) 3 ) 7
= Le"9,X10, </\(F,,F T rm) (5.17)

which is zero on integration by parts. (Here we have used the identity AT~y = yI'MN })))
Things work similarly for the second term in eq. (f.14):

0, X320, X" A\["O,\ = 0,X%0, X" A\T'T®0,\ (5.18)
To make this covariant we need to add:
%auxiayxj AL\ — iauxiayxj 9, (3rix) (5.19)

but this is again zero on partial integration. Thus we have shown that the Abelian fermionic
Chern-Simons terms can be written in SO(8) invariant form as:

29, X1 (AL, 9,0 + 20,X7 3079, (5.20)

Turning now to the non-Abelian case of interest to us, the relevant fermionic terms at
o’? level in ten dimensional supersymmetric gauge theory are given by [R4, @]6

Lier = Str(%)\FMDM)\ + %E\FMDN)\FMRFRN - %S\FMNRDs)\FMNFRS
1 - _
—1—6)\FMDN)\ )\FNDM)\> .(5.21)
We proceed as follows. First reduce the action to 3 dimensions and then try to rewrite
the obtained action in an SO(8) invariant form. Of course one also needs to take the

symmetrized trace Str. We note however that the first term is easy to deal with. In fact,
dimensionally reducing to three dimensions one gets

i _ o
§Tr <)\F“Du/\ + gym A" [ X", )\]>, (5.22)
which can be written as follows:
%TT(XF“D“A n %XP”[XI, x7, >\]>, (5.23)

where

X1, X7 N = gdm[ X7, A — g [ XL A (5.24)

SHere we have not considered terms like FATAATA which from the string theory point of view are of
order of 0/293 while the terms we are considering are of order of o/2gz. For details see @, @]
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The last term in eq. (5.21) can also be reduced to three dimensions, leading to
1 _ _ y _ . _ S
—1—68tr ()\F“D”)\ AT DuA 4+ gymAL' DY X AT, [ X A] + gymATH [ X", A] AT D, A
g2 AT X A ATV X /\]> (5.25)
Using our notation the above action can be recast in the following SO(8) invariant form
1 < < 1 - -
T </\F“D”>\ AT, D\ + ZQ%MAFU (XK XL A APEE X X7 A]
1< < 1< -
+§/\F“[XI,XJ A AT DA+ §Ar“D"A AL [XT X7, /\]> (5.26)
Of course we still need to take the symmetrized trace Str.
The second and third terms in eq. (b.2])) are more involved. For these terms it is useful
to first expand the Str (of course at the end we will again rewrite the action in terms of
Str). Doing so, we get

Str(i)\FMDN)\FMRFRN — %S\FMNRDs)\FMNFRS

. . -
- gTr[<iAPMDNAFMRFRN — %)\PMNRDS)\FMNFRS>

<£5\FMDN>\FRNFMR - %/_\FMNRDSAFRSFMN>
—+4 more pairs obtained from permutations of Fisny and /\} . (5.27)

We note, however, that to reduce and convert the obtained action to the SO(8) invariant
terms we do not need the four extra pairs coming from the permutations. As soon as we get
the SO(8) invariant from of the first two pairs, the others can be obtained by an obvious
permutation of X’s and DX”’s. So in what follows we just concentrate on the first two
pairs.

Reducing the above part of the fermionic action from the first two pairs, one finds:

1 (1 < . 1 .
—Tr|( +{ AT, DA F¥F,, — A\T,D*A D*X'D, X' — —AI"D"\ D’X'F,,
3! 4 | 991 gyMm

— gyMA'DYA XD, X" + X[, (X7, \] F** D, X7

— gyMA\ [ XT N DP XD, XT 4 g3y AT, (X7, A DF X XY

+ g AT XY, /\]X”X”}
1 1 - - 1 -

_5{—9%@4 ATy Do) FFYFP 4 AT, [ X%, A] FF DPXF — . AL DoX F* DX

_ 2 _ .
+ gymAL [ XF N PP X% 4 = XT,,;, Do\ DFXTFP°
gYM

+ 2g9yMAL [ X%, N DFXIDP XK — 27T, ;iDy\ D X7 D7 X!
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+ 2g5 AL [ X7, N DFXI X 4 3Ty, Do X X9 FPe
+ G XF N X9 DP X — gymAT 1D A X9 Do X!
+ gD X7, A Xinlk}> + <the same terms with F' < F) + - ] . (5.28)
Now the task is to rewrite these terms in SO(8) invariant form. To do this, following
the procedure of the previous section we should first dualize F' to B field and then use the

shift symmetry to replace B by DX, Using the properties of 3D gamma matrices and
dropping terms which are zero on shell” one arrives at

éSW 2AT, I D, ADF X DX — 2AT, DY AD* X' D, X' (5.29)
+5\FIJKLDV)\ XIJKDVXL . S\PIJDV)\ XIJKﬁVXK
2 (X7 XK NDrXTD, XK — 2o\ x!, X/ A\ D" XD, X’
— 2 (x! X7 ND, XD, X7 — 21, TV [ X7, X5 NDr XDV XK
AL, T X, X P N DX XEE 3T, (X, X N DX R X TR
—éXr“r”KL[XL, XM N xTTEDrxM 1,01 [ x5 XL N xTTK prxt

—éXI‘IJKL[XM,XN,A]XIJLXKMN _ %S\FIJ[XK’XL’A]XIJMXKLM )

To summarize this section, we have found the SO(8) invariant fermionic terms to lowest
nontrivial order in o/ and they are contained in the sum of eqs. (5:29), (F.26), (5.29).

6. A conjecture

A striking aspect of our result for higher derivative corrections is that it can be written
in a form that only uses basic objects of 3-algebras: the covariant derivative on scalars
and fermions, and the triple product [X7, X/ X&] and [X!, X7/ )]. To leading order in
derivatives we have written the complete answer, for both bosons and fermions, and we
expect it is maximally supersymmetric (though we did not prove that here).

Given this situation, it seems reasonable to speculate that the same derivative cor-
rections are relevant to all 3-algebras with maximal supersymmetry, regardless of their
signature. For Euclidean signature, this in fact only includes just one theory besides the
ones we were considering, namely the Bagger-Lambert Ay theory [E].8 Thus we conjecture
that the action in eqs. (B.14), (5.23), (5.26), (5.29) also embodies the derivative corrections
to the Euclidean 3-algebra A4 theory.

"More precisely we have €“?~y, = 4". Moreover one will drop all terms involving a’Q(’yua“)\ +
gymy' [ X A)).

8For arbitrary signature it is possible to construct more such algebras. In particular, algebras with (2, p)
signature have been classified in [@] We would like to thank Jose Figueroa-O’ Farrill for a comment on
this point.
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It may legitimately be argued that there is no concrete test of this conjecture given
that we do not presently know how to compute derivative corrections to the membrane field
theory starting from M-theory. However an important test in our opinion will be whether
the higher-derivative theory we have constructed is really maximally supersymmetric. Since
our Lagrangian inherits its entire structure from N’ = 8 SYM, this must surely be the case.
Assuming supersymmetry can be proved, it is most likely that the proof will rely only on
abstract 3-algebra properties and therefore will go through in the same way for the Ay
theory.

7. Conclusions

In this paper we have shown that the world-volume theory of multiple D2-branes in string
theory, including both the N'= 8 SYM part as well as the leading (bosonic and fermionic)
higher derivative corrections, is equivalent by a dNS duality to a derivative-corrected
Lorentzian 3-algebra theory. This generalizes the result in [IJ] to incorporate o cor-
rections. We see no obstacle in principle to extending this to any finite order in o/ as long
as the D2-brane action is known to that order.

The result has the elegant feature that it depends only on 3-algebra quantities: the 3-
bracket and covariant derivative. We have conjectured that it has more general significance
than the context in which we have derived it. Extended supersymmetric CFT’s in 3
dimensions appear to all depend on the 3-algebra structure (although if A/ < 8 then
some of the original 3-algebra assumptions need to be relaxed [[[9, BJ]). Our results can
be extended in a straightforward manner only to the Euclidean A, 3-algebra but in the
future, with extra work, it should be possible to extend them at least to the N' = 6 case.

Note added: while this article was being prepared ref. [PJ] appeared on the arXiv, in
which a non-linear theory for multiple M2-branes has been proposed. Earlier papers that
might be related are [B0-BZ).
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